KILLARA HIGH SCHOOL

Mathematics
Extension 2

General Instructions

Reading Time- 5 minutes
Working Time — 3 hours
Write using a blue or black pen

Approved calculators may be used

o O © 0 O

A table of standard integrals is provided at
the back of this paper.

o All necessary working should be shown for
every question.

o Untidy work or work with poor logic may be
penalised.

2008
TRIAL HIGHER SCHOOL CERTIFICATE
EXAMINATION

Total marks (120)
o Attempt Questions 1-8
o All questions are of equal value

o Start a fresh booklet of paper for
each question.

o Put your name and the question
number at the top of booklet.
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Question 1 [Start a new booklet] 15 Marks
(a) Simplify 6—££ [2]
21
(b) If z=1-i, find:
M |z (1]
(i) argz 1
(i) z°inthe form x + iy [2]
(c) Find the two square roots of ¥ in mod-arg form. (2]
(d) OPQRisarhombus. O lies at the origin, P on the real axis and R corresponds
To the complex number 1+ ‘\Ei .
AIm(2) (i)  Find the complex number [2]
corresponding to the point Q
(i}  If the figure is rotated anticlockwise [3]
by 60° about O to form a new |
0 rhombus OP’Q'R’, show this on an
Re (z) Argand diagram and find the
complex number corresponding to
the vertex at Q'.
(e) Consider the following equations:
z=2\ =
A z|-2.Im{z)>0 D) ar =—
(A) |z (2) (D) g(“Z)Z
(8) Z-Z—4.Re(z)>0 {E) arg(ﬂ)=--TE
z+2 2
©) Re(z 2) -0 [2]
z+2
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Question 2 [Start a new booklet] 15 Marks
_ (x+3)
X+
(@) Provethat | —————dx= X +In2 [3]
Jx+D(x*+1} 2
(b) Use the substitution x = g to find J.____de__ [3]
U x+/xt+ d
)y (@) Ifl = folx"e"dx for n=0,prove that I =e—n.I |, for nz1 [2]
(i) Find the value of I,. (3]
2 3 A Bx+C
) Given that X+ 3’; R R s
(x+1)(x +1) x+1  x*+1
(i)  find the values of the constants A, B and € 2]
2
(ii) hence, or otherwise find w [2]
(x+ 1)(x + 1)
Question 3 [Start a new booklet] 15 Marks
{a) (i) Find the equation of the hyperbola on which the point P with co-ordinates
(3sec9,ﬁ tanB) will always lie, and find its eccentricity. £3]
(ii)y  Sketch the hyperbola on a Cartesian diagram, and show on it the co-ordinates
of the foci S and &', and the vertices A(a,O) and A' (—a,O). [21
7]
(iii} Show that the equation of the tangent at P on the hyperbola is xsecd - ytj;; =1,
and find the co-ordinates of T, the point of intersection of the tangent and the
X - axis. [5]
(iv) If P lies in such a position on the curve that TA = AS, show that the area of the
triangle TSP is —;5- square units, [2]
xZ 2
(b) If 8 isthe acute angle between the asymptotes of the hyperbola — = y—z =1, with
r
eccentricity €, (r > s), find 3,¢e in terms of r,s and hence show that ¢ = secg. [3]
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Question 4 [Start a new booklet] 15 Marks
{a)  On three different sets of axes, sketch the graphs in the domain 0 < x<2s¢.

(i) y=sin2x (21

(i)  y=sin*2x (2

(i)  y*=sin2x [21
(b) Ay

yz2e™ 1
1
0 \ In 2 .
K_— x
-1

The diagram shows the graph of f(x)=2e" —1. On separate diagrams sketch the following

graphs, showing the intercepts on the axes and the equations of any asymptotes:

O y=|f(x) [1]

2
@ y={fx)} . [1]
(i) y=— (2]
()

() y=In{f(x)}. [1

(c) Giventhat x =06+ 4sin26 and y =0 -1sin26 :

dy

() Show that -~ tan® 8 . (2]
dZ
(i)  Show that EJ; =tanf sec* 6 . (2]
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Question 5 [Start a new booklet] 15 Marks
(@) When x° —kx® —10kx + 25 is divided by x -2 the remainder is 9.
Find the value of k. (3]
(b) If x’+4x”+6x+2=0 hasroots a,B,y find the equation with roots:
0 o phy [2]
() (a+1),(B+1)  (y+1)° [2]
(c) (i) Show thatif @ is a multiple root of the polynomial equation P(x)=0,
then P(a)=P'{a)=0 (2]
(i) The polynomial ax” +bx™" +1 is divisible by (x-—l)z. Find a and b in terms of n. [3]
2 3 x4 xn
(iiiy Prove that 1+ x+—+—+—4...,., +— =0 has no multiple roots for any n>1. (3]
20 31 4! n!
Question 6  [Start a new booklet] 15 Marks
xZ 2
(@) ()  The point P lies on the ellipse -+ z—z =1 with foci Sand S
a
Prove that PS + PS' = 2a [You may use a diagram as an aid]. i3]
(i)  Hence or otherwise find the Cartesian equation of the locus of all complex
numbers Z which satisfy the equation |z+ 3i|+|z-3i|=10. [3]
(b) If 1, », w® are the cube roots of unity:
(i}  Show that 1+ is a root of the equation z° —3z°+3z-2=0 [3]
(i)  Find the integer root of this equation and the third root in terms of . [3]
(iii) Graph these 3 roots on an Argand diagram, and find the centre and radius of the
circle on which they lie. (31




KHS [TW] Year 12 trials August 2008 ' Page 6 of 8

Question 7 [Start a new booklet] 15 Marks

(a)

An object is fired from the top of a cliff A metres above sea level with an initial speed Vm/s
and an angle of projection &, Ignere air resistance:

(i)  Show that the time taken to reach the sea is given by:

=1(Vsina+ VZsin® o+ 2¢h ) [4]
g

(ii) Hence show that if it is fired at 45° to the horizontal from the cliff, the distance from

the base of the cliff at which it will land is given by:

=21(V+m) [2]

8
(iii) If the cliff is 20 m high and the object lands 50 m from the base of the cliff

[with the same trajectory as in (ii)], find its initial speed. [Take g=10ms™2] [4]

(b} Prove by mathematical induction that:

2(1)+5(2) +10(30) + 17(41) + ...+ (1® + 1)(nt) = [ (n + 1)1] 5]
Question 8 [Start a new booklet] 15 Marks
(@) Theareaunder y=cosx between x=0and x = g is rotated about:
(i) the x-axis. [2]
(i)  the y - axis. [3]
. T
i x= > (4]
(b) Continued on next page........
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KHS [TWi]

{b) A solid has an elliptical base with semi-axes 2 and 1. Cross-sections perpendicular
to the major axis of the ellipse are parabolic segments with axis passing through

the major axis of the ellipse. The height of each such segment is determined by

-

the bounding parabela of height 4, as shown in the figure below.
z A
4

Bounding parabola

l\l\|

N
O NN

n
N
l Ny
i
l B
{
! ()
“x,:\' |
H
2
—
!
5

X

77

.
£ +y=
y Sx -
() Use Simpson's Rule to show that the area of the parabolic cross-section shown
2 %
is 2(4-x?)" (3]
(il  Write down a definite integral expression for the volume and show that its
[3]

value is 4.

End of Paper
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STANDARD INTEGRALS

jx"dx

R

& dx

.
cosaxdx

sin ax dx

~

seciax dx

o~

secax tanaxdx

1
dx
[
[ 1
Fre——
}va?-x?

J VX

1
xn-&-l
n+l

=lnx, x>0
ox

1
=g gul
a

1.
- —sinax, a=0

1
= = cosax, a=0

tanax, a=0

Bl

1
= secax, aw g

, nw=1; x=D,ifn<0

-In(x+\f.rz-a2). x>a>0

—_—
- ln(x+ Vx2 +a®

NOTE : Inx =log,x,

)

x>0
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